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Abstract   The self-assembly of block copolymers serves as an effective approach for fabricating various periodic ordered nanostructures. By em-

ploying self-consistent field theory (SCFT) to calculate the phase diagrams of block copolymers, one can accurately predict their self-assembly be-

haviors, thus providing guidance for the fabrication of various novel structures. However, SCFT is highly sensitive to initial conditions because it

finds the free energy minima through an iterative process. Consequently, constructing phase diagrams using SCFT typically requires predefined

candidate structures based on the experience of researchers. Such experience-dependent strategies often miss some structures and thus result in

inaccurate phase diagrams.  Recently,  artificial  intelligence (AI)  techniques have demonstrated significant potential  across diverse fields of  sci-

ence and technology. By leveraging AI methods, it is possible to reduce reliance on human experience, thereby constructing more robust and re-

liable phase diagrams. In this work, we demonstrate how to combine AI with SCFT to automatically search for self-assembled structures of block

copolymers and construct phase diagrams. Our aim is to realize automatic construction of block copolymer phase diagrams while minimizing re-

liance on human prior knowledge.
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Block  copolymers  (BCPs)  are  a  special  class  of  polymers  com-
posed of two or more distinct monomers covalently bonded to-
gether. The mutual repulsion between different types of blocks,
along  with  their  covalent  connectivity,  endows  BCPs  with  the
ability to form a wide range of periodic ordered nanostructures.
By  rationally  designing the  molecular  architecture  of  the  BCPs,
their  self-assembly  behavior  can be precisely  controlled,  there-
by yielding diverse nanostructures. For example, as the volume
fraction of component A ( ) increases from 0 to 0.5, AB diblock
copolymers  can  self-assemble  into  various  ordered  structures,
including  the  hexagonally  close-packed  (HCP)  spherical  phase,
body-centered cubic (BCC) spherical phase, hexagonal cylindri-
cal  phase  ( ),  double-gyroid  phase  (DG),  and  lamellar  phase
(Lam).[1] For  miktoarm  copolymers,  where  denotes  the
number  of  identical  B  blocks,  the  branched  B  blocks  enhance
the spontaneous curvature towards the A block. This enhanced
spontaneous  curvature  significantly  broadens  the  stability  re-
gion  of  the  spherical  phases.  More  importantly,  the  Frank-
Kasper  and  A15  phases  can  be  stabilized  in  the  enlarged

spherical phase region.[2,3] It is essential to construct phase dia-
grams for different BCP systems to thoroughly investigate their
self-assembly behavior and to guide the rational design of nov-
el  nanostructures.  In  experiments,  phase  diagrams  can  be  ob-
tained by synthesizing BCPs with varying parameters and char-
acterizing their self-assembled structures using techniques such
as  small-angle  X-ray  Scattering  (SAXS)  and  transmission  elec-
tron  microscope  (TEM).[4,5] However,  experimentally  construct-
ing phase diagrams is highly labor-intensive and time-consum-
ing. Even with the implementation of high-throughput synthe-
sis methods,[6,7] the process still requires considerable time and
manpower.

The self-consistent field theory (SCFT) is a powerful theoret-
ical  tool  for  predicting  the  self-assembly  behavior  of
BCPs.[1,8−11] SCFT provides  a  standard framework  for  describ-
ing  the  chain  architecture  of  BCPs  and  precisely  calculating
the free energy of various phases under different parameters,
thus  enabling  the  construction  of  accurate  phase  diagrams.
SCFT results help researchers gain deep insights into the self-
assembly mechanisms of block copolymers and even provide
a useful guide for the design of novel nanostructured materi-
als.[12−19] Notably,  many  predictions  of  SCFT  have  been  con-
firmed by experimental results,[3,20−26] reinforcing its credibili-
ty and practical  applicability.  The general  procedure for  con-
structing  phase  diagrams  using  SCFT  is  as  follows.  First,  de-
fine the chain architecture and interaction parameters of the
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target BCP system, and specify the parameter space to be ex-
plored. Next, a set of candidate self-assembled structures was
selected. Then, the free energy of each candidate structure at
every  parameter  point  is  computed  using  SCFT.  Finally,  the
phase boundaries are determined by comparing the free en-
ergies of the different structures that comprise the phase dia-
gram.

ϕA (r) ϕB (r)
F ϕA (r) ϕB (r)

ωA (r) ωB (r)
ωA,init (r) ωB,init (r)

ϕA,init (r)
ϕA,init (r) + ϕB,init (r) = 1

323−1283

104−106

In the above workflow, selecting candidate self-assembled
structures is  a critical,  yet highly experience-dependent step.
The  pseudo-spectral  method  is  one  of  the  most  frequently
used  numerical  schemes  to  solve  SCFT  equations.[9,10] In  the
pseudo-spectral  method  for  an  AB  system,  self-assembled
structures are described by the spatial density distributions of
the components  and . The free energy of the sys-
tem, , is a functional of the density fields ,  togeth-
er  with  their  corresponding  conjugate  fields , .
The process of solving the SCFT equations begins with the ini-
tial conditions  and , and then proceeds iter-
atively  to  minimize  the  free  energy  and  reach  a  self-consis-
tent solution. According to the SCFT equations, specifying the
initial conditions can be converted to assign an initial density
distribution  for  one  of  the  components,  such  as 
( ).  In  the  numerical  computations  of
SCFT,  three-dimensional  density  distribution  functions  are
typically  represented on a grid of  points,  meaning
that  approximately  parameters  should  be  specified
to determine the initial condition.

ϕA,init (r)

In the early stages, researchers commonly used random ini-
tialization[27] in  which  the  density  at  each  grid  point  was  as-
signed a random value as the initial  condition. However,  this
method  often  fails  to  converge  on  well-ordered  structures.
This is because the free energy function is extremely high-di-
mensional  and  contains  numerous  local  minima,  many  of
which  correspond  to  poorly  ordered  morphologies.  In Fig.
1(a), we use a two-dimensional surface consisting of many lo-
cal  minima  to  illustrate  the  free  energy  landscape.  The  SCFT
iteration  process  rarely  converges  to  an  ordered  structure
starting from a random point on the rugged surface (as indi-
cated by the black arrow in Fig. 1a). To facilitate convergence
to ordered structures, Li et al. proposed a specialized initializa-
tion  scheme,[14] in  which  the  initial  density  distribution

 is set based on known morphologies or artificially de-

signed  structures.  Special  initialization  can  be  regarded  as
placing  the  initial  condition  within  the  potential  well  of  the
local minimum of the given phase, enabling the iterative pro-
cess  to  converge  quickly  to  the  minimum  (as  illustrated  by
the red arrow in Fig. 1a). Li et al. successfully obtained a vari-
ety of novel self-assembled structures using the special initial-
ization scheme.[14]

In addition, because any periodic function can be expand-
ed into a Fourier series, self-assembled structures can be rep-
resented  in  a  reciprocal  space  composed  of  a  set  of  basis
functions.  In  this  approach,  specifying  the  density  values  at
each grid point is equivalent to assigning coefficients to cor-
responding  basis  functions.  Accordingly,  the  SCFT  equations
can  be  solved  in  Fourier  space  using  the  spectral  method.[8]

Matsen et  al. proposed  that  basis  functions  can  be  grouped
according  to  the  symmetry  of  the  space  group,  thereby  re-
ducing  the  number  of  parameters  required.[8] However,
whether  using  the  pseudo-spectral  method  or  the  spectral
method,  researchers  still  need  to  empirically  set  the  initial
conditions to converge to a specific ordered structure.[28] Due
to this reliance on empirical knowledge, previous studies pri-
marily derived candidate structures from experimental obser-
vations,  known  inorganic  crystal  structures,  and  intuitive  as-
sumptions of researchers. This reliance has hindered the com-
prehensive exploration of candidate structures, thereby com-
promising the reliability of theoretical phase diagrams. In fact,
even  for  the  simplest  AB  diblock  copolymer,  its  complete
phase diagram was finally obtained through long-term inter-
play between experimental  observations and theoretical  cal-
culations.[8,13,29−32]

In  recent  years,  the  rapid  development  of  artificial  intelli-
gence  (AI)  technologies  has  profoundly  transformed  numer-
ous scientific and technological domains, including the poly-
mer  science  research  paradigm.[33−42] To  reduce  or  eliminate
reliance on the prior experience of researchers, heuristic algo-
rithms, optimization techniques, and machine learning meth-
ods  have  been  explored  for  the  automatic  discovery  of  self-
assembled  structures.[43−47] Tsai  and  Fredrickson et  al. were
the pioneer to develop such intelligent algorithms. They em-
ployed a genetic algorithm (GA) using real-space density dis-
tribution  functions  as  genes  to  search  for  globally  stable
phases.[43] This  approach  successfully  identified  structures
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Fig.  1    Schematic  illustration  of  search  strategies  for  self-assembled  structures.  (a)  Search  on  the  original  rugged  free  energy
landscape,  where  the  black  arrow  indicates  the  use  of  random  initialization  and  the  red  arrow  indicates  the  use  of  special
initialization. (b) Search on a smoothed surface after applying the low-frequency modes approximation (blue arrow).
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C6such  as  BCC, ,  and  Lamellae.  However,  owing  to  the  high
dimensionality of  the parameter space,  it  is  inefficient for  re-
covering more complex structures such as the double-gyroid
phase (DG). To lower the dimensionality, Tsai and Fredrickson
initialized  structures  using  peaks  distributed  near  a  single
spherical shell in reciprocal space, reducing the parameters to
several peak angles and amplitudes.[44] Building on this repre-
sentation,  they  applied  a  particle  swarm  optimization  (PSO)
algorithm  and  successfully  identified  many  common  self-as-
sembled  structures,  including  DG.  However,  because  initial-
ization  was  restricted  to  peaks  near  a  single  spherical  shell,
important structural features may have been overlooked dur-
ing the search process, limiting the ability of the algorithm to
find complex morphologies.

σ

Inspired by the two aforementioned approaches, as well as
the  spectral  method  of  SCFT[8] and  the  level  set  method,[48]

Dong et al. proposed initializing structures using multiple sets
of basis functions in reciprocal space, with the basis functions
grouped according to the space group symmetry. This strate-
gy  significantly  reduces  the  dimensionality  of  the  parameter
space, while retaining the ability to represent essential struc-
tural information.[46] Dong et al. combined this multimode ba-
sis  function  initialization  scheme  with  Bayesian  optimization
and the pseudo-spectral method and successfully identified a
variety  of  novel  structures,  including  complex  Frank-Kasper
phases  such  as  A15,  Z,  and .  The  initialization  of  structures
using  single  or  multiple  basis  functions  can  be  viewed  as  a
projection of the high-dimensional free-energy landscape on-
to  a  smoothed,  lower-dimensional  surface.  As  shown  in Fig.
1(b),  the smoothed free-energy landscape contains  fewer lo-
cal minima, which typically correspond to well-ordered struc-
tures. Consequently, the SCFT iteration process is more likely
to converge to defect-free morphologies.

Unlike  the  optimization-based  approaches  described
above,  Chen and Dorfman developed a  structure-generation
method based on generative adversarial  networks (GANs).[45]

The  GAN  framework  involves  the  simultaneous  training  of
two deep neural  networks:  a  generator,  which takes random
noise as input to produce candidate samples, and a discrimi-
nator, which compares these samples against a real dataset to
determine whether they are real or generated. After training,
the  generator  can  produce  samples  that  closely  resemble
those  of  a  real  dataset.  By  integrating  GAN  with  SCFT,  Chen
and  Dorfman  successfully  generated  a  wide  range  of  novel
self-assembled structures, including many low-symmetry net-
work morphologies. Although the types of structures current-
ly generated by this approach are constrained by the training

dataset, we believe that as the dataset continues to grow, the
GAN-SCFT method will  transition from incremental  improve-
ments to qualitative breakthroughs, ultimately evolving into a
powerful tool for discovering novel self-assembled structures.

In addition to developing methods for searching for self-as-
sembled  structures,  many  recent  studies  have  focused  on
achieving  the  automatic  construction  of  phase
diagrams.[49−52] For example, given a predefined set of candi-
date structures, approaches such as particle swarm optimiza-
tion  (PSO) [53] and  Bayesian  optimization  (BO)[54] have  been
employed  to  automatically  identify  the  stability  region  of  a
target  phase.  Zhao et  al. employed  an  active  learning  ap-
proach to automatically select sampling points in the param-
eter space, thereby reducing the number of samples required
for phase diagram construction.[55] By combining these meth-
ods with automatic structure search schemes, it is possible to
achieve  fully  automated  construction  of  block  copolymer
phase diagrams.

In  the  following  sections,  we  introduce  the  workflow  for
the  automated  construction  of  the  phase  diagrams,  as  illus-
trated in Fig. 2.  First,  the parameters of the block copolymer,
space  group,  and  number  of  basis  functions  were  specified.
Next,  multiple  points  within  the  parameter  space  are  select-
ed for  the BO-SCFT iterative searches,  through which a  large
number of self-assembled structures can be obtained. At each
phase point, several low-free-energy structures were selected
as  candidate  phases.  Subsequently,  a  3D  convolutional  neu-
ral  network  is  trained to  classify  these  structures.  Finally,  the
trained neural network was integrated with the SCFT to com-
pute the phase diagram over the defined parameter space.

RESULTS AND DISCUSSION

Multimode Initialization Scheme

ρ (x, y, z)First,  we  introduce  a  multimode  basis-function  initialization
method.  For  any  3D  periodic  function ,  it  can  be  ex-
panded as a Fourier series in the form:

ρ (x, y, z) = 1
V
∑∞

h,k,l=−∞
Fhklexp [−i2π (hx + ky + lz)] =

1
V
∑∞

h,k,l=−∞
∣Fhkl∣ exp [−i2π (hx + ky + lz) + iθhkl] (1)

V(x, y, z)
r (h, k, l)

Fhkl
θhkl

where i is the imaginary unit defined as the square root of –1, 
is  the  volume  in  real  space;  are  the  real-space  coordi-
nates, equivalent to  as used earlier;  are the coordinates
in the Fourier (reciprocal) space;  denotes the Fourier ampli-
tude (coefficient); and  represents the corresponding phase
angle.  In  the  pseudo-spectral  method  of  SCFT,  periodic  func-
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Fig. 2    Workflow for the automated construction of block copolymer phase diagrams.
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tions, such as density and field variables, are represented on dis-
crete grid points. Therefore, in Eq. (1),  the Fourier series expan-
sion can be truncated to a finite sum. This expansion does not
result in any loss of information nor does it reduce the number
of parameters involved.

In Fourier space, low-frequency components correspond to
the  primary  features  of  the  structure,  whereas  high-frequen-
cy  components  capture  fine  details.  To  initialize  the  struc-
tures,  high-frequency  components  are  not  essential  because
SCFT  is  relatively  insensitive  to  them  during  the  early  stages
of  iteration.  Compared  with  low-frequency  components,
high-frequency details are more easily recovered automatical-
ly during the iterative process. Therefore, it is sufficient to re-
tain  only  the  first  few  terms  in  the  expansion,  which  corre-
spond  to  low-frequency  modes.  Moreover,  the  basis  func-
tions can be grouped according to the symmetry of the space
group, thereby further reducing the number of parameters.

ρ (x, y, z) = C1 + C2 ×

∑n basis

j=1
∑

hkl∈Gj
∣Fhkl∣ exp [−i2π (hx + ky + lz) + iθhkl] (2)

C1 C2

ρ (x, y, z)[0, 1] Gj

j
nbasis

nbasis∣Fhkl∣ [0, 1] nbasis

θhkl [0, 2π] 1 − 6
a b c α β γ

here,  and  are two automatically computed normalization
parameters used to constrain the values of  within rea-
sonable  ranges,  such  as .  denotes  the  set  of  Miller  in-
dices  associated with the th group of  symmetry-adapted basis
functions.  When  groups  of  basis  functions  are  selected,
the  parameter  space  consists  of  non-negative  amplitude
coefficients  with values in the range of ,  phase
parameters  with  values  in  the  range  of ,  and 
unit cell parameters ( , , , , , ) that depend on the chosen
space group.

Im3̄m
h k l

By exploiting symmetry, we only need to select basis func-
tions with nonzero coefficients (i.e., those that are not system-
atically  extinct)  according  to  the  reflection  conditions  of  the
corresponding space group. For example, for the space group

 (No.  229),  the  reflection  conditions  are  as  follows:  for
permutable , , ,

hkl ∶ h + k + l = 2n• 
0kl ∶ k + l = 2n• 
hhl ∶ l = 2n• 
h00 ∶ h = 2n• 

{110} {200} {211} {220} {310}Therefore,  the  selected  symmetry-adapted  basis  functions
are , , , , and . The reflection con-
ditions for different space groups can be found in the Interna-
tional Tables for Crystallography: A.[56]

θhkl
0 π

exp [iθhkl] = ±1 ∣Fhkl∣
θhkl fhkl

−1 1

Im3̄m
5 + 1 = 6

For centrosymmetric space groups, the phase angle can
only  assume two discrete  values:  or ,  which corresponds
to .  Therefore,  the amplitude  and phase
angle  can be combined into a single parameter,  with
values ranging from  to . Thus, a periodic function can be
represented  using  a  small  number  of  parameters.  For  exam-
ple,  in  the  case  of  the  centrosymmetric  space  group ,
which belongs to the cubic crystal system, only  pa-
rameters  are  required to  represent  a  periodic  function if  five
groups of basis functions are selected.

θhkl[0, 2π]
nbasis

nbasis

For non-centrosymmetric space groups,  can,  in princi-
ple,  take  any  value  in  the  range .  However,  this  does
not necessarily mean that we need to specify  indepen-
dent amplitudes and  independent phase angle parame-
ters because the allowed phase angles are still constrained by

I4132
h k l

the symmetry of  the space group for  certain basis  functions.
For example, in the case of non-centrosymmetric space group

 (No.  214),  the  reflection  conditions  are  as  follows:  for
permutable , , ,

hkl ∶ h + k + l = 2n• 
0kl ∶ k + l = 2n• 
hhl ∶ l = 2n• 
h00 ∶ h = 4n• {110} {211}{220} {310} {222} {321} θ110 = π/2

3π/2 θ211 = 0 π θ220 = 0 π θ310 = π/2 3π/2
θ222 = π/2 3π/2 θ321 = 0 − 2π{110} {211} {220} {310} {222}

θhkl π
exp [iθhkl] θhkl ∣Fhkl∣

fhkl −1 1
θ321

I4132
6 + 1 + 1 = 8

exp [i (θhkl + π)]
−exp [iθhkl] θ321 [0,π]

f321[−1,1]

The  first  six  reflected  basis  functions  are , ,
, , , and , with phase angles 

or ,  or ,  or ,  or ,
 or , .  For  the  five  basis  func-

tions , , , ,  and , the two possible
values of  differed by ,  corresponding to a sign reversal
in .  Therefore,  and  can still  be  combined
into a single parameter , with values ranging from  to .
Only  must  be  independently  specified.  Consequently,
when selecting the first six basis functions for the  space
group,  only  parameters  are  required  to  repre-
sent  a  periodic  function.  Because  =

, we can restrict the range of  to , which
allows the corresponding parameter  to be defined within
the interval .

fhkl[−1,1] θhkl[0,π]
X = {{ fhkl}, {θhkl}, a, b, c, α, β, γ} nbasis

nbasis + 1 2nbasis + 6

104−106

101

In  summary,  for  all  space groups,  all  values can be de-
fined within the range of , and the values of all  can
be restricted to the interval .  This unified setting of the
parameter  bounds  facilitates  the  implementation  of  subse-
quent optimization algorithms. According to the method de-
scribed above, a parameter point in the variable space can be
denoted  by .  When 
groups  of  basis  functions  are  selected,  the  dimensionality  of
the parameter space lies between  and . In
this  way,  the  original  parameter  space with  a  dimensionality
of  is reduced to a much more manageable space of
the order of .

Im3̄m

{110} {200}
Im3̄m (x, y, z) (x̄, ȳ, z) (x̄, y, z̄) (x, ȳ, z̄)

As  an  example,  we  consider  the  space  group  to
demonstrate  how  to  generate  a  periodic  function  using  Eq.
(2).  For  simplicity,  we  selected  the  first  two  basis  functions,

 and . The general Wyckoff position coordinates of
the  space  group  are , , , ,  ...,
as  detailed  in  the  International  Tables  for  Crystallography:
A.[56] By substituting these coordinates into Eq. (2), we obtain
the following simplified expression.

ρ (x, y, z) = C1 + C2 × {12 × f110 × 32 [cos (2πx) cos (2πy)+
cos (2πx) cos (2πz) + cos (2πy) cos (2πz)]+

6 × f200 × 32 [cos (4πx) + cos (4πy) + cos (4πz)]} (3)

12 6{110} {200}
f110 f200

here,  and  are  multiplicity  factors  corresponding  to  the
 and  families  of  crystal  planes,  respectively.  By  as-

signing different values to  and , one can generate a vari-
ety of periodic functions. In addition to substituting the general
Wyckoff position coordinates into Eq. (2), the corresponding ex-
pressions can also be found in the International Tables for Crys-
tallography: B.[57]

f110 f200{110} {200}
Fig.  3 illustrates  the  periodic  functions  generated  from

Eq. (3), in which  and  are assigned values of −1, 0, and
1,  respectively,  and  the  isosurface  level  is  set  to  0.5.  As  illus-
trated,  using  only  the  and  basis  functions  can
generate many distinct periodic morphologies including BCC,
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f110 f200

I-WP, and single primitive phases. Notably, simultaneously re-
versing the signs of both  and  leads to the formation
of their corresponding inverse structures. This result is in line
with  our  expectations  because  the  initial  structure  genera-
tion does not rely on any prior assumptions regarding the tar-
get morphology.

ρ (x, y, z)
ϕA,init (r)

ϕB,init (r) = 1 − ϕA,init (r)
For AB systems, once  is obtained, it can be direct-

ly  used  as  the  initial  density  distribution  of  component  A,
, while the initial density distribution of component B

can  be  obtained via .  The  initial  condi-
tion for the SCFT iteration is then given by:

ωA,init (x, y, z) = χNϕB,init (x, y, z) (4)

ωB,init (x, y, z) = χNϕA,init (x, y, z) (5)

χN
χ N

here,  denotes  the  product  of  the  Flory-Huggins  interaction
parameter  and the number  of segments. It is worth noting
that in standard SCFT equations,  a Lagrange multiplier is  intro-
duced  to  enforce  the  incompressibility  condition.  However,  in
the  present  initialization  procedure,  the  Lagrange  multiplier  is
not  required,  because  an  incompressibility  condition  has  al-
ready been explicitly imposed.

Searching for Candidate Structures

fhkl θhkl

{110} {200} Im3̄m
χN = 40 fA = 0.3

AB4

a = b = c = 5.0Rg

With  the  established  structural  initialization  method,  the  next
step is  to determine the values of  and  that enable the
SCFT  iteration  to  converge  to  an  ordered  structure  or,  ideally,
the one with the lowest free energy. Fig. 4 presents the free en-
ergy  landscape  computed  using  SCFT,  starting  from  structures
initialized with  and  of the  space group. Pa-
rameters used in the SCFT calculations are  and 
for  an block  copolymer,  with  the  initial  unit  cell  sizes  as

.  Each  color  in  the  figure  denotes  a  unique
free-energy level,  indicating a specific self-assembled structure.

f110 = 1
f200 = 0

Starting from the initialized structures shown in Fig. 3, the SCFT
iterations converged to the final morphologies depicted in Fig.
4.  In  certain  cases,  such  as  the  BCC  structure  at  and

,  the  final  state  matches  the  initial  configuration.  How-
ever,  in  several  other  cases,  the  resulting structure  differs  from
the initial structure. Notably, the free energy minimum spans a
region  rather  than  a  single  point,  suggesting  vanishing  gradi-
ents  and  highlighting  the  difficulty  of  identifying  the  global
minimum.

X

F (X)
X F (X)

Xnext

X*

In  this  study,  we  employed  Bayesian  optimization  (BO)[58]

to  explore  the  parameter  space Ω,  which  consists  of  all  pa-
rameter points .  BO is a global optimization strategy aimed
at  locating  the  global  minimum  of  a  target  function  using  a
limited  number  of  samples.  Here,  the  target  function 
represents  the  free  energy  obtained after  SCFT convergence
from an initial configuration at . BO approximates  with
a  surrogate  model  and  suggests  the  next  sampling  point

 by  balancing  the  exploration  and  exploitation  through
an  acquisition  function.  Repeating  this  process  leads  to  the
identification of the optimal parameter  that minimizes free
energy. Importantly, a number of local minima were also ob-
tained  through  this  process,  each  associated  with  a
metastable  ordered  structure.  Gaussian  Process  Regression
(GPR)  was  employed  as  the  surrogate  model.[58,59] The  con-
ventional  Lower  Confidence  Bound  (LCB)  acquisition  func-
tion  is  modified  by  introducing  a  distance-based  penalty
term,  which  encourages  the  BO  algorithm  to  sample  points
farther from currently known data.[46] This modification effec-
tively  imposes  tabu  behavior,  enhancing  the  exploratory  ca-
pability of BO. The modified LCB acquisition function is given
by

αLCB (X) = −μ (X) + w × σ (X) + wd × [1 − tanh (d − σd

λd
)] /2 (6)

μ (X) σ (X)where,  and  denote  the  mean  and  standard  devia-
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  {110}{200} Im3̄m
f110 f200 −1 0 1

Fig. 3    Examples of periodic functions generated using the 
and  basis  functions  in  the  space  group,  where  the
values of  and  are set to , , and , respectively.
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Fig.  4    Free  energy  landscape  corresponding  to  the  space
group  constructed  using  the  and  basis  functions.  The
model  BCP  is  with  and .  The  initial  unit  cell
parameters  are  fixed  as .  This  plot  can  be  viewed
as  a  projected  free  energy  surface  under  the  low-mode
approximation, corresponding to Fig. 1(b).
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X
wd σd λd

w = 10
wd = −10 σd = 0.1 λd = 0.1

tion, respectively, predicted by the GPR model;  is the weight
parameter  that  balances exploration and exploitation;  repre-
sents the minimum distance from the current point  to all pre-
viously sampled points; ,  and  are the hyperparameters
that  control  the  distance  penalty.  Here,  we  set ,

, ,  and .  It  should be noted that vari-
ous alternatives to BO exist  for  exploring the parameter  space,
including  GA,[43] PSO,[44] and  grid  search.  Nevertheless,  this
study did not aim to evaluate or compare the performance.

nbasis

Xnext

ωA,init ωB,init

Xnext

F (X)
F (X)

Combining  the  multimode  basis  function  initialization
method with BO and the pseudo-spectral method of SCFT en-
ables  the  automated  discovery  of  self-assembled  morpholo-
gies.  First,  the  block  copolymer  parameters,  target  space
group, and number of basis functions,  are set. GPR was
then used to model the free energy landscape, providing un-
certainty  estimates  based  on  prior  evaluations.  The  acquisi-
tion function suggests  the  next  sampling point  by  bal-
ancing  exploration  and  exploitation.  Then,  the  initial  fields

 and  are generated using the basis functions cor-
responding to ,  and the SCFT is applied to compute the
free energy . If the SCFT converges, the result is added to
the dataset;  otherwise,  a  penalized high value is  assigned to

. This loop continues until the maximum number of itera-
tions is reached, yielding a collection of self-assembled struc-
tures and their  free energies.  A detailed implementation can
be found in our open-source GitHub repository: https://github.
com/qsdong/BOSearchStructures.

AB4

χN = 20 − 40 fA = 0.2 − 0.4

χN = 20, 30, 40 fA = 0.2, 0.3, 0.4(20,0.2) (20,0.3) (30,0.2)

We  demonstrate  the  automated  search  for  self-assembled
structures  and  phase  diagram  construction  using  the 
miktoarm  copolymer  as  an  example.  The  considered  phase
space  spans  and ,  According  to
previous  studies,  this  region  includes  both  spherical  and
cylindrical  structures.  Multiple  phase  points  within  this  re-
gion  were  sampled  to  ensure  the  discovery  of  diverse  mor-
phological  features.  Specifically,  we  uniformly  selected  three
values  along  each  axis  of  the  phase  diagram,  namely

 and , resulting in nine parame-
ter points. Among them, , , and  corre-
spond  to  disordered  phases  and  were  excluded  from  the
search.

Ia3̄d Im3̄m Fd3̄m Fm3̄m Pn3̄m
Pm3̄n Pm3̄m I4132 P23 P63/mmc P6/mmm P42/mnm

p6mm p6
p31m p3m1 p3 p4gm p4mm p4

P63/mmc P6/mmm P42/mnm
c/a c/a

c/a = 0.5 1.0 2.0

σ
nbasis = 24

As  a  demonstration,  we  selected  the  following  three-di-
mensional  space  groups: , , , , ,

, , , , , , ,
and the following two-dimensional plane groups: , ,

, , , , , .  It  is  important  to  note
that for space groups , , and , the

 ratio is not fixed, and as the value of  varies, the order-
ing of the basis functions changes accordingly. To account for
this, we selected basis functions with three representative val-
ues: , ,  and .  In  our  previous work,  we found
that  24 basis  functions were required to successfully  recover
the  phase. Therefore, in this study, we fixed the number of
basis  functions  at ,  which  is  sufficient  to  capture
highly complex morphologies. For each space group, 128 iter-
ations of the BO-SCFT loop were performed.

Im3̄m
χN = 40 fA = 0.2

w = 10

Fig. 5 presents a representative search result for the 
space group with  and . In Fig. 5, the horizon-
tal  axis  denotes the number of  BO-SCFT iterations,  while  the
vertical  axis  shows  the  corresponding  free  energy.  The  BCC
structure, which is known to be the most stable phase for this
space group, was identified within only 20 iterations, demon-
strating the high efficiency of the algorithm. Additionally, FCC
has  been  observed  multiple  times,  suggesting  that  certain
symmetry elements of the FCC structure are also included in
the  selected  basis  functions.  Numerous  unknown  complex
spherical structures have been discovered. Although the BO-
SCFT algorithm successfully identified the BCC structure with-
in the first  20 iterations,  it  continued to explore the parame-
ter  points  associated  with  higher  free  energies  in  the  subse-
quent steps. This behavior stems from the design of our algo-
rithm,  which  aims  to  discover  as  many  self-assembled  struc-
tures as possible rather than focusing solely on the one with
the lowest free energy. To encourage such an exploration, we
set  the  weight  parameter  to  and  introduced  a  dis-
tance penalty term, as described in Eq. (6).

15Rg

Once the BO-SCFT searches over all space groups are com-
pleted for each phase point, the resulting structures are sort-
ed according to the free energy at each point. Structures with
periods exceeding  or unit cell length ratios greater than
3 were excluded, as such configurations are rarely observed in
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Im3̄m χN = 40 fA = 0.2Fig. 5    Typical BO-SCFT search for  space group with  and . (a) Evolution of free energy during the searching

process; (b) Representative structures obtained during the search process, with the corresponding free energy values shown below
each structure. Non-equivalent domains are shown with different colors.
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AB4

χN fA

AB4

 block copolymers. The 10 structures with the lowest free
energy were then selected at each phase point, yielding a to-
tal of 60 candidates. Because the searches were conducted at
different values of  and , some of the selected candidate
structures  emerged  as  geometrically  identical,  differing  only
in their unit cell  dimensions. These duplicates were removed
and  only  one  representative  was  preserved.  Additionally,
some structures  exhibit  hybrid  morphologies  in  which the  A
component  forms  two  distinct  domains  simultaneously,  for
example, a combination of spheres and networks. It is impor-
tant  to  note  that  contains  only  a  single  A  block,  which
typically  does not favor the formation of  stable hybrid struc-
tures.  For  simplicity,  such  hybrid  structures  were  excluded.
Note that  this  step is  just  to  reduce the computational  time,
but  is  not  required.  In  practical  applications,  these  hybrid
morphologies  should  be  considered  among  the  candidate
structures, as they may be stabilized in systems such as ABAB
multiblock copolymers.[16,19]

C6

σ

Following  the  above  criteria,  we  retained  16  candidate
structures, as shown in Fig. 6. These include well-known mor-
phologies  such  as  BCC,  FCC,  HCP,  and ,  as  well  as  several
Frank-Kasper  phases,  including  A15, ,  C14,  C15,  and  Z.  It  is
worth noting that commonly observed structures such as DG
and  Lam  were  not  included  among  the  final  candidates,  as
their  stability  regions  lie  outside  the  selected  phase  region.
Importantly,  the  selected  structures  successfully  covered  all
known  stable  phases  within  the  chosen  phase  region.  While
most  of  these  phases  have  been  well  documented  in  previ-
ous  studies,  it  is  important  to  emphasize  that  their  selection
was entirely automated based on our predefined rules,  with-
out  relying  on  any  prior  structural  knowledge.  This  result
highlights the effectiveness of the proposed method.
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Fig. 6    Automatically selected candidate structures.

 
Constructing the Phase Diagram
After  obtaining  the  candidate  structures,  we  developed  a  ma-
chine-learning model for structure recognition. Consistent with
our previous study,[54] we first  applied FFT low-pass  filtering to
preprocess the data in order to unify the number of grid points
for all structures. The preprocessed data were then used to train
a three-dimensional convolutional neural network (FFT-3DCNN),
which  enabled  the  automatic  classification  of  SCFT-converged
structures.  A  detailed  implementation  can  be  found  in  our
open-source  GitHub  repository:  https://github.com/qsdong/
FFT3DCNN.

By  integrating  the  pseudo-spectral  SCFT  and  FFT-3DCNN,

AB4

χN fA

σ C6

we automatically constructed the phase diagram of the ,
as shown in Fig.  7.  We adopt a grid scanning approach, with

 ranging from 20 to 40 with a step size of 4, and  from 0.2
to  0.4  with  a  step  size  of  0.01.  At  each  parameter  point,  the
free energy of each candidate structure was computed using
SCFT. The FFT-3DCNN classifier was applied to verify whether
each  structure  converged  correctly.  The  structure  with  the
lowest free energy among the valid results is considered to be
the  stable  phase  and  is  plotted  as  a  point  in  the  phase  dia-
gram.  In Fig.  7,  the  colored  dots  denote  automatically  com-
puted  points,  and  the  gray  lines  represent  manually  drawn
phase  boundaries.  Different  colors  indicate  different  self-as-
sembled  phases.  As  shown  in  the  figure,  the  automated  re-
sults  were  consistent  with  the  manually  drawn  phase  dia-
gram,  including  the  stability  regions  of  the  disordered,  HCP,

, A15, and  phases.
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Fig.  7    Automatically  constructed  phase  diagram,  with  colored
points  denoting  automatically  computed  results  and  gray  lines
representing manually calculated phase boundaries.
 

Notably, in the work by Xie et al.,[3] the focus was primarily
on the stability of the Frank-Kasper phases. Because FCC and
HCP are both close-packed structures  with small  free energy
differences,  only the FCC phase was considered in the phase
diagram.  In  contrast,  the  candidate  structures  in  the  current
study were selected automatically based on predefined crite-
ria. As a result, both the FCC and HCP phases were included in
the  automatically  selected  candidates.  Notably,  a  stable  re-
gion  corresponding  to  the  HCP  phase  was  identified  in  our
automatically  constructed phase diagram,  which was consis-
tent with the manually drawn phase boundaries. This demon-
strates  that  our  method  effectively  reduced  the  subjectivity
involved in the manual selection of candidate structures.

CONCLUSIONS

In  this  study,  we  demonstrated  the  automatic  construction  of
the  phase  diagram  of  block  copolymers  with  minimal  reliance
on human prior knowledge. First, we introduce a multimode ba-
sis  function  initialization  method  that  significantly  reduces  the
dimensionality of the parameter space. We then used Bayesian
optimization (BO) to explore the basis function coefficient space
and integrated it with self-consistent field theory (SCFT) to auto-
matically  discover  novel  self-assembled  morphologies.  Subse-
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quently,  we  constructed  an  FFT  low-pass  filtering-assisted  3D
convolutional neural network (FFT-3DCNN) to classify the struc-
tures.

AB4Taking  miktoarm  copolymer  as  an  example,  we  illus-
trate  the  complete  workflow  for  automatic  phase  diagram
construction.  First,  multiple  parameter  points  are  uniformly
selected  within  the  phase  diagram  to  search  for  self-assem-
bled  structures.  The  resulting  structures  were  sorted  by  the
free  energy,  and  the  top  10  lowest-free-energy  structures  at
each point  were  retained as  candidates.  These  automatically
selected  candidates  were  then  used  to  train  FFT-3DCNN  to
classify the structures. Finally, the trained FFT-3DCNN was in-
tegrated  with  SCFT  to  compute  the  phase  diagram  over  the
defined parameter space. The resulting scatter plot of the sta-
ble  phases  closely  matched  the  manually  constructed  phase
diagram,  thus  validating  the  accuracy  of  our  automated  ap-
proach.  This  framework  significantly  reduces  the  depen-
dence  on  human  experience  while  greatly  improving  both
the  efficiency  and  reliability  of  the  phase  diagram  construc-
tion.
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